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THE REALIZATION OF VERDIER QUOTIENTS AS TRIANGULATED
SUBFACTOR CATEGORIES
ZHI-WEI LI
School of Mathematics and Statistics, Jiangsu Normal University
Xuzhou 221116, Jiangsu, PR China.
Abstract. We give a method to realize Verdier quotients as triangulated subfactors of an ar-
bitrary triangulated category. We show that Iyama-Yoshino triangulated subfactors are Verdier
quotients under suitable conditions.
1. Introduction
Over the past decades, triangulated categories have been a unifying theory for many different
parts of mathematics. One of the most important tools for triangulated categories is the Verdier
quotient. However, one has little control over the morphisms of a Verdier quotient in general. One
good way is to realize a Verdier quotient as a triangulated subfactor category like Buchweitz’s
equivalence between the singularity category and the stable category of Gorenstein projective
modules of a Gorenstein ring [5]. Recently, along this way, Iyama and Yang give a Buchweitz type
theorem in triangulated categories by using silting reduction in [7] and Wei gives a more general
analogous result in [12].
Let T be an arbitrary triangulated category and N a triangulated subcategory of T . We
use T /N to denote the Verdier quotient of T with respect to N . The aim of this paper is to
give a general criterion to realize the Verdier quotient T /N as a triangulated subfactor of T by
introducing the notion of an N -localization triple and the Verdier condition. This can be seen as
an application of the homotopy theory of additive categories with suspensions developed in [9, 10].
Theorem (4.6) Let T be a triangulated category and N a triangulated subcategory of T . Assume
that (U ,X ,V) is an N -localization triple satisfying the Verdier condition. Then
(i) (T , [1],∆,V ,U ,X ) is a pre-partial triangulated category in the sense of [10, Definition 5.5].
(ii) The subfactor (U ∩ V)/[X ] has a triangulated structure given by (T , [1],∆,V ,U ,X ).
(iii) The embedding
(C ∩ F)/[X ] →֒ T /N
is an equivalence of additive categories and preserves triangulated structures.
We thank Dong Yang for informing us their recent analogous results in [8] and Nakaoka’s results
in [11]. In fact, we can deduce their results from the our main result directly; see Remark 4.8.
We now sketch the contents of the paper. In Section 2, we recall the definition of a special
X -monic closed subcategory and the constructions of triangulated subfactor categories given in
[9]. In Section 3, we recall the notions of a localization triple and a pre-partial triangulated
category discussed in [10]. In Section 4, we introduce the notion of an N -localization triple for a
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triangulated subcategory N and prove our main result. The last Section is devoted to showing
that Iyama-Yoshino triangulated subfactors are Verdier quotients under suitable conditions.
Throughout this paper, unless otherwise stated, that all subcategories of additive categories
considered are full, closed under isomorphisms, all functors between additive categories are assumed
to be additive.
2. Triangulated subfactor categories
In this section we fix a triangulated category (T , [1],∆) and an additive subcategory X of T .
We recall the notion of a special X -monic closed subcategory and the criterion for the construction
of triangulated subfactor categories in [9].
Factor categories of additive categories. Let C be an additive category and X an additive
subcategory of C. We denote by C/[X ] the factor or stable category of C modulo X . Recall that the
objects of C/[X ] are the objects of C, and for two objects A and B the Home space HomC/[X ](A,B)
is the quotient HomC(A,B)/X (A,B), where X (A,B) is the subgroup of HomC(A,B) consisting of
those morphisms factorizing through an object in X . Note that the stable category C/[X ] is an
additive category and the canonical functor C → C/[X ] is an additive functor. For a morphism
f : A→ B in C, we use f to denote its image in C/[X ].
A morphism f : A→ B in C is said to be an X -monic if the induced morphism f∗ = HomC(f,X ) :
HomC(B,X ) → HomC(A,X ) is surjective. The notion of an X -epic is defined dually. Recall that
a morphism f : A → X in C is called an X -preenvelope if f is an X -monic and X ∈ X . Dually a
morphism g : X → A is called an X -precover if g is an X -epic and X ∈ X .
Special X -monic closed subcategories. An additive subcategory C of T is said to be special
X -monic closed [9, Definition 2.2] (note that the condition (b) of [9, Definition 2.2] always holds
in this setting) if
(a) X ⊆ C and for each A ∈ C, there is a triangle A
i
→ X → U → A[1] in ∆ with U ∈ C and i
an X -preenvelope.
(b) Assume that A
i
→ X → U → A[1] is in ∆ with U ∈ C and i an X -preenvelope in C. Then for
any morphism f : A→ B in C, there is a triangle A
(
i
f
)
−−−→ X ⊕B → N → A[1] in ∆ with N ∈ C.
Dually, we can define the notion of a special X -epic closed subcategory of T .
The triangulation of subfactors. Let C be a special X -monic closed subcategory. For each
A ∈ C, we fix a triangle A
iA
−→ XA
pA
−−→ UA
qA
−−→ A[1] in ∆ with iA an X -preenvelope and UA ∈ C.
Then there is a functor ΣX : C/[X ]→ C/[X ] by sending each object A to UA and each morphism
f : A→ B to κf , where the morphism κf is defined by the following commutative diagram:
A
iA
//
f

XA
pA
//
σf
UA
qA
//
κf
A[1]
f [1]

B
iB
// XB
pB
// UB
qB
// B[1]
A standard right triangle in the subfactor category C/[X ] is an induced right ΣX -sequence A
f
→
B
g
→ C
ξ(f,g)
−−−−→ ΣX (A) by a triangle A
f
→ B
g
→ C
h
→ A[1] in ∆ with f an X -monic in C and C ∈ C
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which admits the following commutative diagram
A
f
// B
g
//
δf

C
h
//
ξ(f,g)

A[1]
A
iA
// XA
pA
// UA
qA
// A[1]
Denote by ∆X the class of right ΣX -sequences (called distinguished right triangles) in C/[X ] which
are isomorphic to standard right triangles.
Dually, if C is special X -epic closed, for each object A ∈ C, we fix a triangle A[−1]
νA−−→ UA
ιA−→
XA
piA−−→ A in ∆ with πA an X -precover and UA ∈ C, then we can define an additive endofunctor
ΩX : C/[X ] → C/[X ], and the standard left triangles in C/[X ]. Denote by ∇X the class of left
ΩX -sequences in C/[X ] which are isomorphic to standard left triangles.
By [9, Corollary 4.11] and [9, Theorem 3.2], we have the following result.
Corollary 2.1. (i) If C is special X -monic closed, then (C/[X ],ΣX ,∆X ) is a right triangulated
category in the sense of [1, Definition 1.1].
(ii) If C is special X -epic closed, then (C/[X ],ΩX ,∇X ) is a left triangulated category in the sense
of [3, Definition 2.2].
Frobenius special X -monic closed subcategories. A special X -monic closed subcategory C
in T is said to be Frobenius [9, Definition 6.1] (note that the the condition (iii) of [9, Definition
6.1] holds automatically in this setting) if the following conditions hold.
(a) For each A ∈ C, there is a triangle K
u
−→ X
v
−→ A → K[1] in ∆ with u an X -preenvelope in
C.
(b) For each A ∈ C, pA is an X -precover in the fixed triangle A
iA
−→ XA
pA
−−→ UA
qA
−−→ A[1].
Dually, we can define a Frobenius special X -epic closed subcategory of the triangulated category
T .
We have the following:
Proposition 2.2. ( [9, Proposition 6.2 ]) (i) If C is a Frobenius special X -monic closed subcategory
of the triangulated category (T , [1],∆). Then (C/[X ],ΣX ,∆X ) is a triangulated category.
(ii) If C is a Frobenius special X -epic closed subcategory of the triangulated category (T , [1],∆).
Then (C/[X ],ΩX ,∇X ) is a triangulated category.
3. Pre-partial triangulated categories
In this section we recall the notions of a localization triple and a pre-partial triangulated category
in a triangulated category introduced in [10]. We fix a triangulated category (T , [1],∆) with an
additive subcategory X .
Localization triples. Assume U ,V are two additive subcategories of T such that X ⊆ U ∩V . Let
A be an additive subcategory of T . We denote by
U⊥A/[X ] = {W ∈ A | HomA/[X ](U ,W ) = 0} and
⊥A/[X ]V = {W ∈ A | HomA/[X ](W,V) = 0}.
Definition 3.1. ([10, Definition 3.2]) The triple (U ,X ,V) is called a localization triple of A if
U ,V ⊆ A and the following conditions hold:
(a) For each A ∈ A, there is a triangle A[−1] → WA
ωA−−→ Q(A)
rA−−→ A in ∆ such that rA is a
U-precover and WA ∈ U⊥A/[X ] .
(b) For each A ∈ A, there is a triangle A
jA
−−→ R(A)
τA
−−→ WA → A[1] in ∆ such that jA is a
V-preenvelope and WA ∈ ⊥A/[X ]V .
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(c) If A ∈ V , then Q(A) ∈ U ∩ V ,WA ∈ (U ∩ V)
⊥V/[X ] , and if A ∈ U , then R(A) ∈ U ∩ V ,WA ∈
⊥U/[X ](U ∩ V).
Remark 3.2. If (U ,X ,V) is a localization triple of A, recall that, by [10, Remark 3.5], then the
embedding U/[X ] →֒ A/[X ] has a right adjoint Q : A/[X ] → U/[X ] which sends an object A to
Q(A) and a morphism f : A → B to fˇ which satisfies rB ◦ fˇ = f ◦ rA. Similarly, the embedding
V/[X ] → A/[X ] has a left adjoint R : A/[X ] → V/[X ] which sends an object A to R(A) and a
morphism f : A→ B to fˆ which satisfies fˆ ◦ jA = jB ◦ f .
Let Mor(A) be the class of morphisms in A. Then we define
S[X ] = {s ∈ Mor(A) | RQ(s) = ˆˇs is an isomorphism in (U ∩ V)/[X ]}.
By [10, Theorem 3.8, Remark 3.9]), the Gabriel-Zisman localization A[S−1[X ]] of A with respect to
SX exists and is equivalent to the subfactor category (U ∩ V)/[X ]. We call A[S
−1
[X ]] the homotopy
category of the localization triple (U ,X ,V) and denoted by Ho(U ,X ,V).
Assume that C is a special X -monic closed subcategory of T . Then the subfactor category C/X
has a right triangulated structure (ΣX ,∆X ) by Theorem 2.1. For any morphism f : A → B in C,
there is a right triangle A
f
−→ B
g
−→ C
h
−→ ΣX (A) in ∆X .
Definition 3.3. [10, Definition 4.1] An additive subcategory G of C is said to be stabilizing in C
if (C,X ,G) is a localization triple in C and for any diagram of the form
A
f
//
jA

B //
jB

C //
t

ΣX (A)
ΣX (jA)

R(A)
R(f)
// R(B) // D // ΣX (R(A))
where the rows are right triangles in ∆X , there is a morphism t : C → D such that the whole
diagram commutative and R(t) is an isomorphism in G/X . Where R : C/X → G/X is a left adjoint
of the embedding EC : G/X →֒ C/X as constructed in Remark 3.2.
Dually, if F is a special X -epic closed subcategory of T , then the subfactor category F/X has
a left triangulated structure (ΩX ,∇X ). We say that an additive subcategory G of F is stabilizing,
if (G,X ,F) is a localization triple in F and for any diagram of the form
ΩX (Q(B)) //
Ω(rB)

K //
s

Q(A)
Q(f)
//
rA

Q(B)
rB

ΩX (B) // L // A
f
// B
where the rows are the distinguished left triangles in ∇X , there is a morphism s : K → L such that
the whole diagram commutative and Q(s) is an isomorphism in G/X . Where Q : F/X → G/X is
a right adjoint of the embedding EF : G/X →֒ F/X as constructed by Remark 3.2.
Definition 3.4. ([10, Lemma 5.9, Definition 5.5]) Let (T , [1],∆) be a triangulated category. As-
sume that X , C,F are three additive subcategories of T . Then the six-tuple (T , [1],∆,F , C,X ) is
called a pre-partial triangulated category if C is special X -monic closed, F is special X -epic closed
and C ∩ F is stabilizing in both C and F .
If (T , [1],∆,F , C,X ) is a pre-partial triangulated category, then we have two endofunctors GX =
R ◦ ΣX , EC and HX = Q ◦ ΩX ◦ EF of (C ∩ F)/[X ]. We call the right GX -sequence A
f
−→ B
R(g)
−−−→
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R(C)
R(h)
−−−→ GX (A) in (C ∩ F)/[X ] a standard right triangle if A
f
−→ B
g
−→ C
h
−→ ΣX (A) is a
distinguished right triangle in ∆X . We use ∆X (C ∩ F) to denote the class of right GX -sequences
which are isomorphic to standard right triangles in (C ∩ F)/[X ]. Dually, we call the left HX -
sequence HX (B)
Q(v)
−−−→ Q(K)
Q(u)
−−−→ A
Q(f)
−−−→ B a standard left triangle in (C ∩ F)/[X ] if there is a
left triangle ΩX (B)
v
−→ K
u
−→ A
f
−→ B in ∇X . We use ∇X (C ∩ F) to denote the class of the left
HX -sequences which are isomorphic to standard left triangles in (C ∩ F)/[X ].
Theorem 3.5. ( [10, Theorem 5.7 ]) If (T , [1],∆,F , C,X ) is a pre-partial triangulated category,
then ((C ∩ F)/[X ], GX , HX ,∆X (C ∩ F),∇X (C ∩ F)) is a pre-triangulated category in the sense of
[4, Definition II.1.1].
4. Verdier quotients vs triangulated subfactors
In this section, we fix a triangulated category (T , [1],∆) and a triangulated subcategory N of
T . We introduce the notion of an N -localization triple and prove our main result.
N -localization triples.
Definition 4.1. A localization triple (U ,X ,V) in T is called an N -localization triple if X =
U ∩ V ∩N and U⊥T /[X ] ,⊥T /[X ]V ⊆ N .
An N -localization triple (U ,X ,V) is said to satisfy the Verdier condition if for any triangle
A
s
−→ B → N → A[1] in ∆ with A,B ∈ U ∩ V , N ∈ N , then s is an isomorphism in (U ∩ V)/[X ].
Lemma 4.2. (i) If (U ,X ,V) is an N -localization triple such that U ∩ V is Frobenius special X -
monic closed, then it satisfies the Verdier condition.
(ii) If (U ,X ,V) is an N -localization triple such that U ∩ V is Frobenius special X -epic closed,
then it satisfies the Verdier condition.
Proof. (i) Assume that we have a triangle A
s
→ B → N → A[1] in ∆ such that A,B ∈ U ∩ V and
N ∈ N . Since U ∩ V is special X -monic closed, there is a triangle A
iA
−→ XA → UA → A[1] in ∆
with XA ∈ X and UA ∈ U ∩ V . By the cobase change of triangles in ∆, there is a commutative
diagram of triangles:
A
s
//
iA 
B

// N // A[1]

XA //

B′ //

N // XA[1]
UA

UA

A[1] // B[1]
Since U∩V is special X -monic closed and N is closed under extensions we have B′ ∈ U∩V∩N = X .
Thus the triangle A
(
iA
s
)
−−−−→ XA⊕B → B′ → A[1] induces a standard triangle A
s
→ B → 0→ ΣX (A)
in (U ∩ V)/[X ]. Thus s is an isomorphism.
The statement (ii) can be proved dually. 
Recall that a pair (C,D) of additive subcategories of T is called a torsion pair (also called a
torsion theory in [6, Definition 2.2]) if HomT (C,D) = 0 and for each T ∈ T , there is a triangle
C → T → D → C[1] in ∆ with C ∈ C and D ∈ D.
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Lemma 4.3. Let (U ,U⊥) and (⊥V ,V) be torsion pairs in T . Assume that X = U ∩V ∩N is closed
under direct summands, U⊥[−1] ⊆ V ∩ N and ⊥V [1] ⊆ U ∩N . Then
(i) (U ,X ,V) is an N -localization triple.
(ii) If ⊥V [1] = U ∩ N , then (U ,X ,V) satisfies the Verdier condition.
(iii) If U⊥[−1] = V ∩ N , then (U ,X ,V) satisfies the Verdier condition.
Proof. (i) By the assumption, we only need to prove that Definition 3.1 (b) holds. Since (U ,U⊥) and
(⊥V ,V) are torsion pairs in T , for all A ∈ T , there are triangles A[−1]→ WA[−1]→ Q(A)
rA−−→ A
with Q(A) ∈ U and WA ∈ U
⊥, and A
jA
−−→ R(A) → WA[1] → A[1] with R(A) ∈ V and WA ∈ ⊥V .
Since U⊥[−1] ⊆ V ,⊥V[1] ⊆ U , and U ,V are closed under extensions, we know that Definition 3.1
(c) holds. Now assume there is a morphism f : C → G with C ∈ U , G ∈ U⊥[−1], then there is
a triangle G[−1] → WG[−1] → Q(G)
rG−−→ G with Q(G) ∈ U and WG ∈ U⊥. Since U⊥ is closed
under extensions, we have Q(G) ∈ U ∩ U⊥[−1] ⊆ X . Since rG is a C-epic, the morphism f factors
through rG, then U⊥[−1] ⊆ U⊥T /[X ] . Similarly we can prove that ⊥V[1] ⊆ ⊥T /[X ]V . From these,
we can show that (U ,X ,V) is a localization triple in T . By the above proof and the assumption
we know that (U ,X ,V) is an N -localization triple.
(ii) Let I = U ∩ U⊥[−1] ⊆ X . Then U is special I-monic closed by [9, Corollary 4.14 (i)].
Assume that we have a triangle A
s
→ B → N → A[1] in ∆ such that A,B ∈ U ∩ V and N ∈ N .
Similarly to the proof of Lemma 4.2 (i), we can get a triangle A
( is )−−→ I ⊕ B → B′ → A[1] with
I ∈ I and B′ ∈ U ∩ N = ⊥V [1]. Thus I ⊕ B ∼= A⊕ B′ and then B′ ∈ U ∩ V ∩ N = X . Therefore,
s is an isomorphism in (U ∩ V)/[X ]. So (U ,X ,V) satisfies the Verdier condition.
Dually, we can prove (iii). 
The Verdier quotients. Recall that the Verdier quotient T /N is the localization of T with
respect to the class SN of morphisms of T defined by
SN = {s ∈Mor(T ) | ∃ A
s
−→ B → N → A[1] ∈ ∆ with N ∈ N}.
Proposition 4.4. Let (T , [1],∆) be a triangulated category and N a triangulated subcategory of
T . Assume that (U ,X ,V) is an N -localization triple of T satisfying the Verdier condition. Then
Ho(U ,X ,V) = T /N .
Proof. By [10, Theorem 3.8, Remark 3.9]), we only need to prove that S[X ] = SN . In fact,
since (U ,X ,V) is an N -localization triple in T , for each A ∈ T , we have two triangles in ∆:
A[−1]→WA
ωA−−→ Q(A)
rA−−→ A and A
jA
−−→ R(A)
τA
−−→WA → A[1] such that rA is a U-precover with
WA ∈ U
⊥T /[X ] ⊆ N and jA a V-preenvelope withWA ∈ ⊥T /[X ]V ⊆ N . Thus the morphisms rA and
jA are in SN . So for any morphism s : A→ B in T , s ∈ SN if and only if ˆˇs : R(Q(A))→ R(Q(B))
is in SN (which satisfies two out of three property). Similarly, s ∈ S[X ] if and only if ˆˇs is in S[X ].
Thus in order to prove that SX = S[N ], we may only consider the morphisms in U ∩ V . Assume
that we have a morphism s : A → B in U ∩ V , extend it to a triangle A
s
→ B → C → A[1] in
∆. If s ∈ SN , then C ∈ N , thus by the Verdier condition, we know that s ∈ S[X ]. Conversely, if
s ∈ S[X ], i.e. s is an isomorphism in (U ∩ V)/[X ], then there is a morphism t : B → A such that
1A − ts factors through some X ∈ X , say 1A − ts = u ◦ v where v : A→ X and u : X → A. So we
have a triangle A
( vs )
−−−→ X ⊕ B → X ′
0
−→ A[1] in ∆ with X ′ ∈ X . By the octahedron axiom, there
is a triangle X ′ → C → X [1]→ X ′[1] in ∆ and thus C ∈ N since X ⊆ N . 
Corollary 4.5. Let (T , [1],∆) be a triangulated category and N a triangulated subcategory of T .
If (U ,X ,V) is an N -localization triple satisfying the Verdier condition, then we have an equivalence
of additive categories (U ∩ V)/[X ]
∼
→֒ T /N .
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Proof. This follows from Theorem 4.4 and [10, Theorem 3.8, Remark 3.9]) directly. 
Theorem 4.6. Let (U ,X ,V) be a N -localization triple satisfying the Verdier condition. Assume
that U is special X -monic closed and V is special X -epic closed. Then
(i) (T , [1],∆,V ,U ,X ) is a pre-partial triangulated category such that the induced pre-triangulated
structure of (U ∩ V)/[X ] is a triangulated structure.
(ii) The equivalence (U ∩V)/[X ]
∼
→֒ T /N of additive categories preserves triangulated structures.
Proof. (i) Since (U ,X ,V) is a localization triple of T , then for each A ∈ U , there is a triangle
A
jA
−−→ R(A)
τA
−−→ WA → A[1] in ∆ such that jA is a V-preenvelope, R(A) ∈ U ∩ V and WA ∈
⊥U/[X ](U ∩ V). Thus (U ,X ,U ∩ V) is a localization triple of U . Since ⊥U/[X ](U ∩ V) is extension
closed, we know that ⊥U/[X ](U ∩ V) is special X -monic closed by [9, Lemma 4.12] and noting that
(U ∩ V) ∩ ⊥U/[X ](U ∩ V) = X . Therefore, ⊥U/[X ](U ∩ V)/[X ] is a right triangulated subcategory
of U/[X ]. So, if W1
r
−→ W2 → W3 → W1[1] is a triangle in ∆ with r an X -monic in U and
W1 ∈ ⊥U/[X ](U ∩ V), then W3 ∈ ⊥U/[X ](U ∩ V) iff W2 ∈ ⊥U/[X ](U ∩ V). Moreover, if A
f
−→ B →
W → A[1] is a triangle in ∆ with f an X -monic in ⊥U/[X ](U ∩ V) and W ∈ ⊥U/[X ](U ∩ V), then f is
an isomorphism in (U ∩ V)/[X ] since (U ,X ,V) satisfies the Verdier condition and ⊥U/[X ](U ∩ V) =
U ∩ ⊥T /[X ]V ⊆ U ∩ N . Thus U ∩ V is stabilizing in U by [10, Lemma 4.2]. Dually, we can prove
that U ∩ V is stabilizing in V . So (T , [1],∆,V ,U ,X ) is a pre-partial triangulated category.
By Theorem 3.5, (U ∩V)/[X ] admits a pre-triangulated structure (GX , HX ,∆X (U ∩V),∇X (U ∩
V)). By the proof of [10, Theorem 5.7], the unit of the adjoint pair (GX , HX ) is given by −Q(u),
where u fits the following diagram of triangles in ∆
ΣX (A)[−1]
−qA[−1]
//
jΣ
X (A)[−1]

A
iA
//
u

XA
pA
//
δ

ΣX (A)
jΣ
X (A)

GX (A)[−1]
ν
GX (A)
// ΩX (G
X (A))
ι
GX (A)
// XGX (A)
pi
GX (A)
// GX (A)
By [2, Proposition 1.1.11], the above diagram can be extended to the following diagram of triangles
A //
u

XA //
δ

ΣX (A) //
jΣ
X (A)

A[1]
µ[1]

ΩX (G
X (A)) //

XGX (A) //

GX (A) //

ΩX (G
X (A))[1]

L //

M //

WΣ
X (A) //

L[1]

A[1] // XA[1] // ΣX (A)[1] // A[2]
Since X ⊆ N , WΣ
X (A) ∈ ⊥U/[X ](U ∩ V) = U ∩ ⊥T /[X ]V ⊆ N , we know that L ∈ N . Therefore
u ∈ SN which is S[X ] by the proof of Lemma 4.4. So Q(u) is an isomorphism. Similarly, we
can prove that the counit of the adjoint pair (GX , HX ) is also an isomorphism. So G
X is an
auto-equivalence of (U ∩ V)/[X ] and thus (GX ,∆X (U ∩ V)) is a triangulated structure.
(ii) By Lemma 4.2 and Corollary 4.5, we know that the embedding E : (U∩V)/[X ] →֒ T /N is an
equivalence of additive categories. So we only need to prove that E preserves triangles. Applying
the triangle functor γ′ : T → T /N (the localization of T with respect to SN ) to the triangles A→
XA → ΣX (A)
qA
−−→ A[1] with A ∈ U and ΣX (A)
jΣ
X (A)
−−−−→ R(ΣX (A)) → WΣ
X (A) → ΣX (A)[1] with
R(ΣX (A)) ∈ U∩V ,WΣ
X (A) ∈ ⊥T /[X ]V , we get an isomorphism γ′(qA)◦γ′(jΣ
X (A))−1 : R(ΣX (A))→
A[1] in T /N , which defines a natural isomorphism E ◦ GX = E ◦ R ◦ ΣX ∼= [1] ◦ E. Let A
f
−→
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B
R(g)
−−−→ R(C)
R(h)
−−−→ GX (A) be a triangle in (U ∩ V)/[X ] which is induced by the left triangle
A
f
−→ B
g
−→ C
h
−→ ΣX (A) in U/[X ] with A,B ∈ U ∩ V . Without loss of generality, we may assume
that it is induced by the following commutative diagram of triangles in ∆:
A
f
// B

g
// C //
h

A[1]
A // XA // UA
qA
// A[1]
which shows that A
γ′(f)
−−−→ B
γ′(g)
−−−→ C
γ′(qA◦h)
−−−−−−→ A[1] is a triangle in T /N . Thus A
γ′(f)
−−−→ B
γ′(R(g))
−−−−−→
R(C)
γ′(qA)◦γ′(jΣ
X (A))−1◦γ′(R(h))
−−−−−−−−−−−−−−−−−−−−→ A[1] is a triangle in T /N (we remind the reader that we have
jC ◦ g = R(g) and R(h) ◦ jC = jΣ
X (A) ◦ h). So E is a triangle functor.

By the above Theorem and Lemma 4.2, we have
Corollary 4.7. Let (T , [1],∆) be a triangulated category and N a triangulated subcategory of T .
If (U ,X ,V) is an N -localization triple such that U ∩ V is Frobenius special X -monic or X -epic
closed, then there is a triangle equivalence
(U ∩ V)/[X ]
∼
→֒ T /N .
Remark 4.8. (i) Let T be a triangulated category and N a thick triangulated subcategory of T
satisfying the following conditions:
(a) there are torsion pairs (C, C⊥) and (⊥D,D) in T ;
(b) (C,D) is a torsion pair in N .
Let X = C[1] ∩ D and Z = C⊥ ∩ ⊥D[1]. Then (⊥D[1],X , C⊥) is an N -localization triple satisfies
the Verdier condition by taking U = ⊥D[1] and V = C⊥ in Lemma 4.3, so we can get [8, Theorem
1.1, Theorem 1.2 (a)] by Theorem 4.6.
(2) Assume that T is a triangulated category and there are two torsion pairs (C,D[1]) and
(E [−1],F) satisfying the following conditions:
(a) E ⊆ C, D ⊆ F and C ∩ D = E ∩ F ;
(b) there is a thick triangulated subcategory N such that C ∩ F ∩ N = C ∩ D, C ∩ N = E and
F ∩N = D.
Then (C, C∩D,F) is an N -localization triple satisfies the Verdier condition by taking U = C,V = F
and X = C ∩D in Lemma 4.3, so we can get [11, Proposition 6.10, Corollary 6.13] by Theorem 4.6.
5. Iyama-Yoshino triangulated subfactors
Let (T , [1],∆) be a triangulated category. Let X ⊆ C be two additive subcategories of T
closed under direct summands. We use 〈X 〉 to denote the smallest triangulated subcategory of T
containing X .
Recall that (C, C) is said to be an X -mutation pair [6, Definition 2.5] if C is extension-closed,
HomT (X [−1], C) = 0 = HomT (C,X [1]), and for any object A ∈ C, there exist triangles A[−1] →
KA → XA → A and A → XA → KA → A[1] in △ such that XA, XA ∈ X and KA,KA ∈ C. In
this case, by [9, Example 6.4 (ii), Proposition 6.5], we know that C is Frobenius special X -monic
closed. Thus we have the following corollary by Corollary 4.7.
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Corollary 5.1. Assume that (C, C) forms an X -mutation pair. If there is an 〈X 〉-localization triple
(U ,X ,V) such that U ∩ V = C, then there is a triangle equivalence
C/[X ]
∼
→֒ T /〈X 〉.
A theorem of Iyama-Yang. Let (T , [1],∆) be a triangulated category. Let P be a presilting
(also called semi-selforthogonal) subcategory (i.e., HomT (P ,P [i]) = 0 for all i > 0) of T . Assume
that P is closed under direct summands and satisfies the following two conditions.
(P1) P is covariantly finite in ⊥P [> 0] and contravariantly finite in P [< 0]⊥.
(P2) For any A ∈ T , HomT (A,P [i]) = 0 = HomT (P , A[i]) for i≫ 0.
Let Z = (⊥P [> 0]∩P [< 0]⊥). Then (Z,Z) forms a P-mutation pair and (⊥P [> 0],P ,P [< 0]⊥) is
a 〈P〉-localization triple by the proof of [7, Proposition 3.2]. Thus by Corollary 5.1, we have
Corollary 5.2. ([7, Theorem 3.6]) There is a triangle equivalence Z/[P ]
∼
→֒ T /〈P〉.
The above corollary contains Buchweitz’ equivalence [5, Theorem 4.4.1(2)]. In fact, assume
that T = Db(R) is the bounded derived category of a Gorenstein ring R, and P = addR is
the subcategory of finitely generated projective right R-modules. Then Z is the subcategory of
Gorenstein projective right R-modules.
A theorem of Wei. Let (T , [1],∆) be a triangulated category. Let ω be a semi-selforthogonal
subcategory of T . Given a subcategory C of T , we define the subcategory Ĉ as the class of all
objects T such that there are triangles Ti+1 → Ci → Ti → Ti+1[1] in ∆ for some r ≥ 0 and all
0 ≤ i ≤ r satisfying T0 = T, Tr+1 = 0 and Ci ∈ C for each i. The subcategory qC is defined dually.
Let ω be a subcategory of T . We use addω to denote the class of all direct summands of finite
direct sums of copies of objects in ω. Let Xω be the subcategory of T consisting of all objects T
satisfying that there are triangles Ti → Mi → Ti+1 → Ti[1] in ∆ for all i ≥ 0, such that T0 = T
and for all i > 0, Mi ∈ addω and HomT (Ti, ω[j]) = 0 for all j > 0. Dually, one can define the
subcategory ωX . Following [12, Definition 2.4], an object in Gω = ωX ∩Xω is called ω-Gorenstein.
Then (Gω,Gω) is an addω-mutation pair by [12, Proposition 2.5(2)] . Moreover, if X̂ω = T = |ωX ,
then (Xω , addω, ωX ) is an 〈addω〉-localization triple by the proof of [12, Lemma 2.2 and Lemma
2.6(2)]. Thus by Corollary 5.1, we have
Corollary 5.3. ([12, Theorem 2.7]) There is a triangle equivalence Gω/[addω]
∼
→֒ T /〈addω〉.
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